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Abstract
Linear complementary dual codes (or codes with complementary
duals) are codes whose intersections with their dual codes are trivial.
We study the largest minimum weight d(n, k) among all binary lin-
ear complementary dual [n, k] codes. We determine d(n, 4) for n ≡
2, 3, 4, 5, 6, 9, 10, 13 (mod 15), and d(n, 5) for n ≡ 3, 4, 5, 7, 11, 19, 20, 22, 26
(mod 31). Combined with known results, the values d(n, k) are also
determined for n ≤ 24.
1 Introduction
Let Fq denote the finite field of order q, where q is a prime power. An [n, k]
code C over Fq is a k-dimensional vector subspace of F
n
q . A code over F2 is
called binary. The parameters n and k are called the length and dimension
of C, respectively. The weight wt(x) of a vector x ∈ Fnq is the number of non-
zero components of x. A vector of C is called a codeword of C. The minimum
non-zero weight of all codewords in C is called the minimum weight d(C) of
C. An [n, k, d] code is an [n, k] code with minimum weight d. Two [n, k]
codes C and C ′ over Fq are equivalent if there is an n× n monomial matrix
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P over Fq with C
′ = C · P = {xP | x ∈ C}. The dual code C⊥ of an [n, k]
code C over Fq is defined as C
⊥ = {x ∈ Fnq | x · y = 0 for all y ∈ C}, where
x · y is the standard inner product.
A code C of length n is called linear complementary dual (or a linear
code with complementary dual) if C∩C⊥ = {0n}, where 0n denotes the zero
vector of length n. We say that such a code is LCD for short. LCD codes
were introduced by Massey [13] and gave an optimum linear coding solution
for the two user binary adder channel. Recently, much work has been done
concerning LCD codes for both theoretical and practical reasons (see [3], [4],
[6], [7], [11] and the references therein). In particular, we emphasize the
recent work by Carlet, Mesnager, Tang, Qi and Pellikaan [4]. It has been
shown in [4] that any code over Fq is equivalent to some LCD code for q ≥ 4.
This motivates us to study binary LCD codes.
From now on, all codes mean binary codes, and binary codes are simply
called codes. It is a fundamental problem to determine the largest minimum
weight among all LCD [n, k] codes. In this paper, we study the minimum
weights of linear complementary dual codes. Throughout this paper, let
d(n, k) denote the largest minimum weight among all LCD [n, k] codes.
It is trivial that d(n, n) = 1. It is known [6] that d(n, 1) = n and n − 1
if n is odd and even, respectively. It was shown in [7] that d(n, 2) = ⌊2n
3
⌋ if
n ≡ 1, 2, 3, 4 (mod 6), and ⌊2n
3
⌋ − 1 otherwise for n ≥ 2. In addition, it was
shown in [11] that d(n, 3) =
⌊
4n
7
⌋
if n ≡ 3, 5 (mod 7) and
⌊
4n
7
⌋
− 1 otherwise
for n ≥ 3. The aim of this paper is to establish the following theorems.
Theorem 1. If n ≡ 5, 9, 13 (mod 15) and n ≥ 4, then
d(n, 4) =
⌊
8n
15
⌋
.
If n ≡ 2, 3, 4, 6, 10 (mod 15) and n ≥ 4, then
d(n, 4) =
⌊
8n
15
⌋
− 1.
Theorem 2. If n ≡ 3, 5, 7, 11, 19, 20, 22, 26 (mod 31) and n ≥ 5, then
d(n, 5) =
⌊
16n
31
⌋
− 1.
If n ≡ 4 (mod 31) and n ≥ 5, then
d(n, 5) =
⌊
16n
31
⌋
− 2.
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The values d(n, k) were determined in [7] and [11] for n ≤ 12 and 13 ≤
n ≤ 16, respectively. In this paper, we extend the results to lengths up to
24. To do this, we complete classifications of (unrestricted) codes for the
parameters listed in Tables 12 and 13.
All computer calculations in this paper were done by programs inMagma [2]
and programs in the language C. Two software librariesNTL [16] and nauty
and Traces [14] were used.
2 LCD codes of dimension 4
Throughout this paper, we use the following notations. Let 0s and 1s denote
the zero vector and the all-one vector of length s, respectively. Let Ik denote
the identity matrix of order k and let AT denote the transpose of a matrix
A. Let Z≥0 denote the set of nonnegative integers.
Suppose that there is an (unrestricted) [n, 4, d] code with n ≥ 4. By the
Griesmer bound [9], we have
d ≤
{⌊
8n
15
⌋
if n ≡ 0, 1, 5, 7, 8, 9, 11, 12, 13, 14 (mod 15),⌊
8n
15
⌋
− 1 otherwise.
(1)
For a = (a1, a2, . . . , a15) ∈ Z
15
≥0, we define an [n, 4] code C(a) having
generator matrix of the form G(a) =
(
I4 M(a)
)
, where
M(a) =


1a1 1a2 1a3 1a4 0a5 1a6 1a7
1a1 1a2 1a3 0a4 1a5 1a6 0a7
1a1 1a2 0a3 1a4 1a5 0a6 1a7
1a1 0a2 1a3 1a4 1a5 0a6 0a7
1a8 0a9 0a10 0a11 1a12 0a13 0a14 0a15
0a8 1a9 1a10 0a11 0a12 1a13 0a14 0a15
0a8 1a9 0a10 1a11 0a12 0a13 1a14 0a15
1a8 0a9 1a10 1a11 0a12 0a13 0a14 1a15

 .
By considering all codewords, the weight enumerator of the code C(a) is
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written using a1, a2, . . . , a15 as follows:
1 + y1+a1+a2+a3+a4+a6+a7+a8+a12 + y1+a1+a2+a3+a5+a6+a9+a10+a13
+ y1+a1+a2+a4+a5+a7+a9+a11+a14 + y1+a1+a3+a4+a5+a8+a10+a11+a15
+ y2+a4+a5+a7+a8+a9+a10+a12+a13 + y2+a3+a5+a6+a8+a9+a11+a12+a14
+ y2+a2+a5+a6+a7+a10+a11+a12+a15 + y2+a3+a4+a6+a7+a10+a11+a13+a14 (2)
+ y2+a2+a4+a6+a8+a9+a11+a13+a15 + y2+a2+a3+a7+a8+a9+a10+a14+a15
+ y3+a1+a2+a8+a10+a11+a12+a13+a14 + y3+a1+a3+a7+a9+a11+a12+a13+a15
+ y3+a1+a4+a6+a9+a10+a12+a14+a15 + y3+a1+a5+a6+a7+a8+a13+a14+a15
+ y4+a2+a3+a4+a5+a12+a13+a14+a15 .
The (i, j)-entry bi,j of G(a)G(a)
T is written using a1, a2, . . . , a15 as follows:
b1,1 =1 + a1 + a2 + a3 + a4 + a6 + a7 + a8 + a12,
b1,2 =a1 + a2 + a3 + a6,
b1,3 =a1 + a2 + a4 + a7,
b1,4 =a1 + a3 + a4 + a8,
b2,2 =1 + a1 + a2 + a3 + a5 + a6 + a9 + a10 + a13, (3)
b2,3 =a1 + a2 + a5 + a9,
b2,4 =a1 + a3 + a5 + a10,
b3,3 =1 + a1 + a2 + a4 + a5 + a7 + a9 + a11 + a14,
b3,4 =a1 + a4 + a5 + a11,
b4,4 =1 + a1 + a3 + a4 + a5 + a8 + a10 + a11 + a15.
Write n = 15t+s, where t is a nonnegative integer and s ∈ {0, 1, . . . , 14}.
For s = 2, 3, 4, 5, 6, 9, 10, 13, by considering C(a), we found the codes C15t+s
meeting the bound (1) with equality, where the vectors a are listed in Ta-
ble 1. The minimum weights are determined from the weight enumerators
W obtained by (2), where W are listed in Table 2.
It was shown in [13] that a code C is LCD if and only ifGGT is nonsingular
for any generator matrix G of C. This fact is used in order to show that
a given code is LCD, throughout this paper. From (3), the determinants
det(G(a)G(a)T ) are written using t, where the results are listed in Table 3.
It follows from the table that det(G(a)G(a)T ) = 1 for every nonnegative
integer t. Hence, we have the following:
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Table 1: LCD codes of dimension 4
Code a
C15t+2 (t, t, t, t, t, t, t, t− 1, t+ 1, t+ 1, t− 1, t, t− 1, t− 1, t)
C15t+3 (t, t, t, t, t, t, t, t, t, t, t− 1, t, t, t, t)
C15t+4 (t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
C15t+5 (t, t, t, t, t, t, t, t+ 1, t+ 1, t, t+ 1, t, t, t− 1, t− 1)
C15t+6 (t, t, t, t, t, t, t, t+ 1, t+ 1, t, t, t, t, t, t)
C15t+9 (t, t, t, t, t+ 1, t+ 1, t+ 1, t+ 1, t, t+ 1, t+ 1, t, t, t, t− 1)
C15t+10 (t, t, t, t, t, t, t+ 1, t+ 1, t+ 1, t+ 2, t+ 1, t+ 1, t, t, t− 1)
C15t+13 (t, t, t, t+ 1, t+ 1, t, t+ 1, t+ 2, t+ 2, t+ 1, t+ 1, t+ 1, t+ 1, t− 1, t− 1)
C15t+1 (t, t, t, t, t, t, t, t, t, t− 1, t− 1, t, t, t− 1, t)
C15t+7 (t, t, t, t, t, t, t, t+ 1, t+ 1, t, t, t, t, t, t+ 1)
C15t+8 (t, t, t, t, t, t, t+ 1, t+ 1, t+ 1, t+ 1, t, t, t, t, t)
C15t+11 (t, t, t, t, t, t, t, t+ 1, t+ 1, t+ 1, t+ 2, t+ 2, t+ 1, t, t− 1)
C15t+12 (t, t, t, t, t+ 1, t, t+ 1, t+ 2, t+ 2, t+ 1, t+ 1, t+ 1, t+ 1, t− 1, t− 1)
C15t+14 (t, t, t, t, t+ 1, t, t+ 1, t+ 2, t+ 2, t+ 2, t+ 1, t+ 2, t, t, t− 1)
C15t (t, t, t, t, t, t, t, t, t, t− 1, t− 1, t, t, t− 1, t− 1)
(1) C15t+2 is an LCD [15t+ 2, 4, 8t] code (t ≥ 1),
(2) C15t+3 is an LCD [15t+ 3, 4, 8t] code (t ≥ 1),
(3) C15t+4 is an LCD [15t+ 4, 4, 8t+ 1] code (t ≥ 0),
(4) C15t+5 is an LCD [15t+ 5, 4, 8t+ 2] code (t ≥ 1),
(5) C15t+6 is an LCD [15t+ 6, 4, 8t+ 2] code (t ≥ 0),
(6) C15t+9 is an LCD [15t+ 9, 4, 8t+ 4] code (t ≥ 1),
(7) C15t+10 is an LCD [15t+ 10, 4, 8t+ 4] code (t ≥ 1),
(8) C15t+13 is an LCD [15t+ 13, 4, 8t+ 6] code (t ≥ 1).
In addition, there is an LCD [n, 4, d] code for (n, d) = (5, 2), (9, 4), (10, 4) and
(13, 6) [7] and [11]. This completes the proof of Theorem 1.
For s = 0, 1, 7, 8, 11, 12, similarly, we found the codes C15t+s = C(a),
where the vectors a are listed in Table 1. These codes have minimum
weight one or two less than the largest possible minimum weight in the
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Table 2: Weight enumerators of C15t+s
Code W
C15t+2 1 + 8y
8t + 6y8t+2 + y8t+4
C15t+3 1 + 2y
8t + 6y8t+1 + 4y8t+2 + 2y8t+3 + y8t+4
C15t+4 1 + 4y
8t+1 + 6y8t+2 + 4y8t+3 + y8t+4
C15t+5 1 + 10y
8t+2 + 5y8t+4
C15t+6 1 + 6y
8t+2 + 9y8t+4
C15t+9 1 + 9y
8t+4 + 6y8t+6
C15t+10 1 + 7y
8t+4 + 6y8t+6 + 2y8t+8
C15t+13 1 + 10y
8t+6 + 4y8t+8 + y8t+12
C15t+1 1 + 3y
8t−1 + 5y8t + 4y8t+1 + 2y8t+2 + y8t+3
C15t+7 1 + 4y
8t+2 + 2y8t+3 + 3y8t+4 + 6y8t+5
C15t+8 1 + 4y
8t+3 + 5y8t+4 + 4y8t+5 + 2y8t+6
C15t+11 1 + 6y
8t+4 + 5y8t+6 + 3y8t+8 + y8t+10
C15t+12 1 + 6y
8t+5 + 4y8t+6 + y8t+7 + 3y8t+8 + y8t+11
C15t+14 1 + 8y
8t+6 + 4y8t+8 + 2y8t+10 + y8t+12
C15t 1 + y
8t−2 + 4y8t−1 + 5y8t + 4y8t+1 + y8t+2
bound (1). Their weight enumerators W obtained by (2) and their determi-
nants det(G(a)G(a)T ) obtained by (3) are listed in Tables 2 and 3, respec-
tively. Hence, we have the following:
(1) C15t is an LCD [15t, 4, 8t− 2] code (t ≥ 1),
(2) C15t+1 is an LCD [15t+ 1, 4, 8t− 1] code (t ≥ 1),
(3) C15t+7 is an LCD [15t+ 7, 4, 8t+ 2] code (t ≥ 0),
(4) C15t+8 is an LCD [15t+ 8, 4, 8t+ 3] code (t ≥ 0),
(5) C15t+11 is an LCD [15t+ 11, 4, 8t+ 4] code (t ≥ 1),
(6) C15t+12 is an LCD [15t+ 12, 4, 8t+ 5] code (t ≥ 1),
(7) C15t+14 is an LCD [15t+ 14, 4, 8t+ 6] code (t ≥ 1).
In addition, there is an LCD [n, 4, d] code for (n, d) = (11, 4), (12, 5) and
(14, 6) [7] and [11]. Therefore, we have the following:
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Table 3: det(G(a)G(a)T ) for C15t+s
Code det(G(a)G(a)T )
C15t+2 1280t
4 + 512t3 − 96t2 − 32t+ 1
C15t+3 1280t
4 + 640t3 + 64t2 − 8t− 1
C15t+4 1280t
4 + 1024t3 + 288t2 + 32t+ 1
C15t+5 1280t
4 + 1664t3 + 688t2 + 104t+ 5
C15t+6 1280t
4 + 1792t3 + 800t2 + 144t+ 9
C15t+9 1280t
4 + 3072t3 + 2656t2 + 976t+ 129
C15t+10 1280t
4 + 3328t3 + 3040t2 + 1152t+ 153
C15t+13 1280t
4 + 4480t3 + 5424t2 + 2744t+ 493
C15t+1 1280t
4 − 80t2 + 1
C15t+7 1280t
4 + 2048t3 + 1056t2 + 216t+ 15
C15t+8 1280t
4 + 2560t3 + 1760t2 + 480t+ 45
C15t+11 1280t
4 + 3456t3 + 3248t2 + 1240t+ 161
C15t+12 1280t
4 + 4096t3 + 4496t2 + 2064t+ 339
C15t+14 1280t
4 + 4736t3 + 6064t2 + 3208t+ 597
C15t 1280t
4 − 256t3 − 80t2 + 8t+ 1
Proposition 3. If n ≡ 1, 7, 8, 11, 12, 14 (mod 15) and n ≥ 4, then
d(n, 4) =
⌊
8n
15
⌋
or
⌊
8n
15
⌋
− 1.
If n ≡ 0 (mod 15) and n ≥ 4, then
d(n, 4) =
⌊
8n
15
⌋
,
⌊
8n
15
⌋
− 1 or
⌊
8n
15
⌋
− 2.
Now we are a position to consider the existence of an LCD [n, 4, ⌊8n
15
⌋]
code for n ≡ 1, 7, 8, 11, 12 (mod 15) and an LCD [n, 4, ⌊8n
15
⌋ − 1] code for
n ≡ 0 (mod 15). There is no such code for n ≤ 16 [7] and [11]. For
(n, d) = (22, 11), (23, 12), (26, 13), (27, 14), (30, 16), (30, 15), (31, 16), (4)
in order to verify that there is no LCD [n, 4, d] code, our computer calcula-
tion completed a classification of (unrestricted) [n, 4, d] codes by using the
following method. A shortened code C ′ of a code C is the set of all code-
words in C which are 0 in a fixed coordinate with that coordinate deleted.
A shortened code C ′ of an [n, k, d] code C with d ≥ 2 is an [n− 1, k, d] code
7
if the deleted coordinate is a zero coordinate and an [n − 1, k − 1, d′] code
with d′ ≥ d otherwise. An [n, k, d] code C gives n shortened codes and at
least k codes among them are [n− 1, k − 1, d′] codes with d′ ≥ d. Hence, by
considering the inverse operation of shortening, any [n, k, d] code with d ≥ 2
is constructed from some [n − 1, k − 1, d′] code with d′ ≥ d. In order to
illustrate this method, we describe how [22, 4, 11] codes were classified. Let
dall(n, k) denote the largest minimum weight among all (unrestricted) [n, k]
codes. From [8], we know
dall(21, 3) = 12 and dall(20, 2) = 13.
We first classified all (unrestricted) [20, 2, d] codes with d = 11, 12, 13 by a
direct method. From this classification, by the above method, we found all
inequivalent [21, 3, d] codes with d = 11, 12. Then we found all inequivalent
[22, 4, 11] codes.
Let Nn,k,d denote the number of all inequivalent [n, k, d] codes. In Table 4,
we list Nn,4,d and Nn,k,d′ (k = 2, 3, d
′ = d, d+ 1, d+ 2, d+ 3) for (n, d) in (4).
In order to give generator matrices
(
I4 Mn,i
)
of all inequivalent [n, 4, d]
codes, we only list the four rows m1, m2, m3, m4 of Mn,i in Table 5. To
save space, the sequences m = (m1, m2, m3, m4) are written in octal using
0 = (000), 1 = (001), . . . , 7 = (111), together with a = (0) and b = (1).
Note that M30,1 corresponds to d = 16 and M30,i (i = 2, . . . , 10) correspond
to d = 15.
Table 4: Numbers of [n, 4, d] codes for (n, d) in (4)
(n, d) (22, 11) (23, 12) (26, 13) (27, 14) (30, 16) (30, 15) (31, 16)
Nn,4,d 2 1 2 1 1 9 5
Nn−1,3,d 6 4 13 7 4 27 16
Nn−1,3,d+1 1 - 1 - - 4 -
Nn−2,2,d 10 10 15 15 15 21 21
Nn−2,2,d+1 6 3 10 6 6 15 10
Nn−2,2,d+2 1 1 3 3 3 6 6
Nn−2,2,d+3 - - 1 - - 3 1
From the above classification, our computer calculation shows the follow-
ing result.
Proposition 4. There is no LCD [n, 4, d] code for
(n, d) = (22, 11), (23, 12), (26, 13), (27, 14), (30, 16), (30, 15), (31, 16).
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Table 5: Generator matrices of [n, 4, d] codes for (n, d) in (4)
M22,1 617170773600001777475345
M22,2 633330767460001777475345
M23,1 7066743767400003777533415b
M26,1 74607433743630000077774773714a
M26,2 63653061761714000077771676540b
M27,1 760663616177700000177775750755ba
M30,1 7074633617703754000007777766174433ab
M30,2 3746066317361730000003777767251176ab
M30,3 5147543306363674000003777767251176ab
M30,4 7436630317741714000003777751676754ba
M30,5 7306663617773600000003777764564745aa
M30,6 3615263617767700000003777764564745aa
M30,7 7314633617743740000003777764564745aa
M30,8 7707043617363614000003777764564745aa
M30,9 7317063617761714000003777764564745aa
M30,10 3615700757303746000003777764564745aa
M31,1 554633154717077600000077777672511762
M31,2 730661730777077000000077777137753663
M31,3 347474036774170660000077777516767544
M31,4 760374630777633000000077777172511762
M31,5 547433154774077600000077777172511762
3 LCD codes of dimension 5
Suppose that there is an (unrestricted) [n, 5, d] code with n ≥ 5. By the
Griesmer bound [9], we have
d ≤


⌊
16n
31
⌋
if n ≡ 0, 1, 9, 13, 15, 16,
17, 21, 23, 24, 25, 27, 28, 29, 30 (mod 31),⌊
16n
31
⌋
− 1 if n ≡ 2, 3, 5, 6, 7, 8, 10,
11, 14, 18, 19, 20, 22, 26 (mod 31),⌊
16n
31
⌋
− 2 otherwise.
(5)
For a = (a1, a2, . . . , a31) ∈ Z
31
≥0, we define an [n, 5] code C(a) having
generator matrix of the form G(a) =
(
I5 M(a)
)
, where M(a) is listed
in Figure 3. Using an approach similar to that in the previous section, the
weight enumeratorW and the determinant det(G(a)G(a)T ) for the code C(a)
are written using a1, a2, . . . , a31.
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

1a1 1a2 1a3 1a4 1a5 1a6 1a7
1a1 1a2 1a3 1a4 1a5 1a6 1a7
1a1 1a2 1a3 1a4 0a5 0a6 0a7
1a1 1a2 0a3 0a4 1a5 1a6 0a7
1a1 0a2 1a3 0a4 1a5 0a6 1a7
1a8 1a9 1a10 1a11 1a12 1a13 1a14 1a15
1a8 0a9 0a10 0a11 0a12 0a13 0a14 0a15
0a8 1a9 1a10 1a11 1a12 0a13 0a14 0a15
0a8 1a9 1a10 0a11 0a12 1a13 1a14 0a15
0a8 1a9 0a10 1a11 0a12 1a13 0a14 1a15
1a16 0a17 0a18 0a19 0a20 0a21 0a22 0a23
0a16 1a17 1a18 1a19 1a20 1a21 1a22 1a23
0a16 1a17 1a18 1a19 1a20 0a21 0a22 0a23
0a16 1a17 1a18 0a19 0a20 1a21 1a22 0a23
0a16 1a17 0a18 1a19 0a20 1a21 0a22 1a23
0a24 0a25 0a26 0a27 0a28 0a29 0a30 0a31
1a24 0a25 0a26 0a27 0a28 0a29 0a30 0a31
0a24 1a25 1a26 1a27 1a28 0a29 0a30 0a31
0a24 1a25 1a26 0a27 0a28 1a29 1a30 0a31
0a24 1a25 0a26 1a27 0a28 1a29 0a30 1a31


Figure 1: Matrix M(a)
Write n = 31t+s, where t is a nonnegative integer and s ∈ {0, 1, . . . , 30}.
For s = 3, 4, 5, 7, 11, 19, 20, 22, 26, by considering C(a), we found the codes
D31t+s meeting the bound (5) with equality, where the vectors a are listed
in Table 15. In Table 15, we denote t − 1, t + 1 by t−, t+, respectively. The
minimum weights are determined from the weight enumerators W , where W
are listed in Table 6.
The determinants det(G(a)G(a)T ) are written using t, where the results
are listed in Table 7. It follows from the table that det(G(a)G(a)T ) = 1 for
every nonnegative integer t. Hence, we have the following:
(1) D31t+3 is an LCD [31t+ 3, 5, 16t] code (t ≥ 1),
(2) D31t+4 is an LCD [31t+ 4, 5, 16t] code (t ≥ 1),
(3) D31t+5 is an LCD [31t+ 5, 5, 16t+ 1] code (t ≥ 0),
(4) D31t+7 is an LCD [31t+ 7, 5, 16t+ 2] code (t ≥ 1),
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(5) D31t+11 is an LCD [31t+ 11, 5, 16t+ 4] code (t ≥ 1),
(6) D31t+19 is an LCD [31t+ 19, 5, 16t+ 8] code (t ≥ 1),
(7) D31t+20 is an LCD [31t+ 20, 5, 16t+ 9] code (t ≥ 1),
(8) D31t+22 is an LCD [31t+ 22, 5, 16t+ 10] code (t ≥ 1),
(9) D31t+26 is an LCD [31t+ 26, 5, 16t+ 12] code (t ≥ 1).
In addition, there is an LCD [n, 5, d] code for (n, d) = (7, 2) and (11, 4) [7]
and [11]. Our computer search found an LCD [n, 5, d] code for (n, 5) =
(19, 8), (20, 9), (22, 10) and (26, 12). These codes have generator matrices(
I5 Mi
)
, where the five rows ofMi (i = 19, 20, 22, 26) are listed in Table 8,
respectively. This completes the proof of Theorem 2.
Similarly, for the parameters [31t+ s, 5, 16t+ u] (t ≥ 1), where
(s, u) = (0,−2), (1,−1), (2,−1), (8, 2), (10, 3), (12, 4),
and [31t+ s, 5, 16t+ u] (t ≥ 0), where
(s, u) =(6, 1), (9, 3), (13, 5), (14, 5), (15, 6), (16, 6), (17, 7), (18, 7), (21, 9),
(23, 10), (24, 11), (25, 11), (27, 12), (28, 13), (29, 13), (30, 14),
we found the codes C31t+s = C(a). These codes have minimum weight one or
two less than the largest possible minimum weight in the bound (5). For these
codes, we list the vectors a, the weight enumerators W and the determinants
det(G(a)G(a)T ) in Tables 15, 6 and 7, respectively. In Table 15, we denote
t − 1, t + 1 by t−, t+, respectively. Since there is an LCD [n, 5, d] code for
(n, d) = (8, 2), (10, 3) and (12, 4) [7] and [11], we have the following:
Proposition 5. If n ≡ 1, 9, 13, 15, 17, 21, 23, 24, 25, 27, 28, 29, 30 (mod 31)
and n ≥ 5, then
d(n, 5) =
⌊
16n
31
⌋
or
⌊
16n
31
⌋
− 1.
If n ≡ 2, 6, 8, 10, 14, 18 (mod 31) and n ≥ 5, then
d(n, 5) =
⌊
16n
31
⌋
− 1 or
⌊
16n
31
⌋
− 2.
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Table 6: Weight enumerators of D31t+s
Code W
D31t+3 1 + 8y
16t + 9y16t+1 + 6y16t+2 + 6y16t+3 + y16t+4 + y16t+5
D31t+4 1 + 2y
16t + 9y16t+1 + 10y16t+2 + 6y16t+3 + 3y16t+4 + y16t+5
D31t+5 1 + 5y
16t+1 + 10y16t+2 + 10y16t+3 + 5y16t+4 + y16t+5
D31t+7 1 + 6y
16t+2 + 9y16t+3 + 9y16t+4 + 6y16t+5 + y16t+7
D31t+11 1 + 7y
16t+4 + 9y16t+5 + 6y16t+6 + 6y16t+7 + 2y16t+8 + y16t+9
D31t+19 1 + 8y
16t+8 + 8y16t+9 + 6y16t+10 + 6y16t+11 + y16t+12 + y16t+13 + y16t+17
D31t+20 1 + 10y
16t+9 + 10y16t+10 + 5y16t+11 + 5y16t+12 + y16t+15
D31t+22 1 + 10y
16t+10 + 10y16t+11 + 5y16t+12 + 5y16t+13 + y16t+17
D31t+26 1 + 9y
16t+12 + 9y16t+13 + 6y16t+14 + 6y16t+15 + y16t+17
D31t+1 1 + 9y
16t−1 + 8y16t + 6y16t+1 + 6y16t+2 + y16t+3 + y16t+4
D31t+2 1 + 3y
16t−1 + 8y16t + 10y16t+1 + 6y16t+2 + 3y16t+3 + y16t+4
D31t+6 1 + 3y
16t+1 + 6y16t+2 + 10y16t+3 + 9y16t+4 + 3y16t+5
D31t+8 1 + 4y
16t+2 + 9y16t+3 + 7y16t+4 + 6y16t+5 + 2y16t+6 + y16t+7 + 2y16t+8
D31t+9 1 + 6y
16t+3 + 9y16t+4 + 9y16t+5 + 6y16t+6 + y16t+9
D31t+10 1 + 6y
16t+3 + 8y16t+4 + 5y16t+5 + 5y16t+6 + 4y16t+7 + y16t+8
+y16t+9 + y16t+10
D31t+12 1 + 6y
16t+4 + 8y16t+5 + 5y16t+6 + 5y16t+7 + 3y16t+8 + 2y16t+9
+y16t+10 + y16t+11
D31t+13 1 + 8y
16t+5 + 9y16t+6 + 5y16t+7 + 5y16t+8 + 2y16t+9 + y16t+10 + y16t+11
D31t+14 1 + 4y
16t+5 + 5y16t+6 + 9y16t+7 + 9y16t+8 + 2y16t+9 + y16t+10 + y16t+11
D31t+15 1 + 8y
16t+6 + 9y16t+7 + 4y16t+8 + 6y16t+9 + 2y16t+10 + y16t+11 + y16t+12
D31t+17 1 + 9y
16t+7 + 8y16t+8 + 4y16t+9 + 6y16t+10 + y16t+11 + y16t+12 + 2y16t+13
D31t+18 1 + 6y
16t+7 + 7y16t+8 + 6y16t+9 + 5y16t+10 + 3y16t+11 + 2y16t+12
+y16t+14 + y16t+15
D31t+21 1 + 6y
16t+9 + 6y16t+10 + 9y16t+11 + 9y16t+12 + y16t+15
D31t+23 1 + 4y
16t+10 + 9y16t+11 + 9y16t+12 + 6y16t+13 + 2y16t+14 + y16t+15
D31t+24 1 + 9y
16t+11 + 9y16t+12 + 6y16t+13 + 6y16t+14 + y16t+15
D31t+25 1 + 7y
16t+11 + 7y16t+12 + 6y16t+13 + 6y16t+14 + 3y16t+15 + 2y16t+16
D31t+27 1 + 4y
16t+12 + 9y16t+13 + 9y16t+14 + 6y16t+15 + y16t+16 + y16t+17 + y16t+18
D31t+28 1 + 9y
16t+13 + 9y16t+14 + 6y16t+15 + 5y16t+16 + y16t+17 + y16t+18
D31t+29 1 + 5y
16t+13 + 5y16t+14 + 10y16t+15 + 9y16t+16 + y16t+17 + y16t+18
D31t+30 1 + 9y
16t+14 + 9y16t+15 + 5y16t+16 + 6y16t+17 + y16t+18 + y16t+19
D31t 1 + 3y
16t−2 + 9y16t−1 + 9y16t + 6y16t+1 + 3y16t+2 + y16t+3
D31t+16 1 + 6y
16t+6 + 7y16t+7 + 4y16t+8 + 6y16t+9 + 4y16t+10 + 3y16t+11 + y16t+12
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Table 7: det(G(a)G(a)T ) for D31t+s
Code det(G(a)G(a)T )
D31t+3 196608t
5 + 61440t4 − 1024t3 − 1280t2 − 48t+ 1
D31t+4 196608t
5 + 69632t4 + 7168t3 − 32t− 1
D31t+5 196608t
5 + 102400t4 + 20480t3 + 1920t2 + 80t+ 1
D31t+7 196608t
5 + 192512t4 + 66560t3 + 9856t2 + 640t+ 15
D31t+11 196608t
5 + 323584t4 + 195584t3 + 53888t2 + 6704t+ 301
D31t+19 196608t
5 + 593920t4 + 683008t3 + 374656t2 + 97904t+ 9697
D31t+20 196608t
5 + 684032t4 + 944128t3 + 647040t2 + 220400t+ 29875
D31t+22 196608t
5 + 724992t4 + 1054720t3 + 758400t2 + 270000t+ 38125
D31t+26 196608t
5 + 856064t4 + 1480704t3 + 1271168t2 + 541296t+ 91385
D31t+1 196608t
5 + 8192t4 − 9216t3 + 64t2 + 64t− 1
D31t+2 196608t
5 + 16384t4 − 4096t3 − 320t2 + 16t+ 1
D31t+6 196608t
5 + 135168t4 + 33792t3 + 3840t2 + 192t+ 3
D31t+8 196608t
5 + 212992t4 + 82944t3 + 14144t2 + 1008t+ 23
D31t+9 196608t
5 + 249856t4 + 118784t3 + 25728t2 + 2448t+ 81
D31t+10 196608t
5 + 286720t4 + 150528t3 + 33984t2 + 3088t+ 91
D31t+12 196608t
5 + 356352t4 + 240640t3 + 73344t2 + 9472t+ 349
D31t+13 196608t
5 + 389120t4 + 291840t3 + 101568t2 + 15792t+ 803
D31t+14 196608t
5 + 421888t4 + 343040t3 + 129536t2 + 21808t+ 1167
D31t+15 196608t
5 + 458752t4 + 405504t3 + 166464t2 + 30496t+ 1797
D31t+17 196608t
5 + 528384t4 + 539648t3 + 256256t2 + 54080t+ 3575
D31t+18 196608t
5 + 569344t4 + 624640t3 + 316928t2 + 70368t+ 4555
D31t+21 196608t
5 + 638976t4 + 802816t3 + 484544t2 + 139264t+ 15015
D31t+23 196608t
5 + 704512t4 + 986112t3 + 670912t2 + 220560t+ 27811
D31t+24 196608t
5 + 745472t4 + 1114112t3 + 819264t2 + 296032t+ 41999
D31t+25 196608t
5 + 753664t4 + 1132544t3 + 832448t2 + 298688t+ 41751
D31t+27 196608t
5 + 819200t4 + 1344512t3 + 1085376t2 + 430352t+ 66915
D31t+28 196608t
5 + 860160t4 + 1495040t3 + 1290112t2 + 552592t+ 93971
D31t+29 196608t
5 + 884736t4 + 1576960t3 + 1390528t2 + 606016t+ 104319
D31t+30 196608t
5 + 913408t4 + 1688576t3 + 1552448t2 + 709760t+ 129085
D31t 196608t
5 − 36864t4 − 4096t3 + 640t2 + 16t− 1
D31t+16 196608t
5 + 471040t4 + 424960t3 + 179328t2 + 35248t+ 2589
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Table 8: Matrices Mi (i = 19, 20, 22, 26)
M19 00000001111111, 01110011101110, 01011100111110,
10011001010101, 11101100100101
M20 000000011111111, 000111101001110, 101011011100101,
110111010001001, 011101100111111
M22 00000000111111111, 10111101010011010, 10100110011100011,
11001011101110010, 11110010110110101
M26 000000000011111111111, 100111111011111001100, 011101111101101111000,
010010011111000101011, 111100001010001011110
If n ≡ 12 (mod 31) and n ≥ 5, then
d(n, 5) =
⌊
16n
31
⌋
− 2 or
⌊
16n
31
⌋
− 3.
If n ≡ 0, 16 (mod 31) and n ≥ 5, then
d(n, 5) =
⌊
16n
31
⌋
,
⌊
16n
31
⌋
− 1 or
⌊
16n
31
⌋
− 2.
For
(n, d) = (25, 12), (27, 13), (28, 14), (29, 14), (30, 15), (6)
in order to verify that there is no LCD [n, 5, d] code, our computer calculation
completed a classification of (unrestricted) [n, 5, d] codes by the method given
in Section 2. In Table 9, we list Nn,5,d and Nn,k,d′ (k = 2, 3, 4, d
′ = d, d+1, d+
2, d+ 3) for (n, d) in (6). In order to give generator matrices
(
I5 Mn,i
)
of
all inequivalent [n, 5, d] codes, we only list the five rows m1, m2, m3, m4, m5
of Mn,i in Table 10. Similar to Table 5, the sequences (m1, m2, m3, m4, m5)
are written in octal using 0 = (000), 1 = (001), . . . , 7 = (111), together with
a = (0) and b = (1).
From the above classification, our computer calculation shows the follow-
ing result.
Proposition 6. There is no LCD [n, 5, d] code for
(n, d) = (25, 12), (27, 13), (28, 14), (29, 14), (30, 15).
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Table 9: Numbers of [n, 5, d] codes for (n, d) in (6)
(n, d) (25, 12) (27, 13) (28, 14) (29, 14) (30, 15)
Nn,5,d 8 1 1 9 1
Nn−1,4,d 11 2 1 13 1
Nn−2,3,d 16 13 7 28 6
Nn−2,3,d+1 - 1 - 1 1
Nn−3,2,d 15 15 15 21 15
Nn−3,2,d+1 6 10 6 10 10
Nn−3,2,d+2 3 3 3 6 3
Nn−3,2,d+3 - 1 - 1 1
Table 10: Generator matrices of [n, 5, d] codes for (n, d) in (6)
M25,1 273153117315434776000007777760547b
M25,2 546617117315434776000007777760547b
M25,3 323615531466634773000007777760547b
M25,4 465630761547437636000007777266633a
M25,5 466530761547437636000007777266633a
M25,6 236363174077037770000007776616632b
M25,7 073663166617037336000007776616632b
M25,8 263531530747437336000007776616632b
M27,1 263663176303615761714000037776375746aa
M28,1 43663307741547434377600000377773721733a
M29,1 4365154676031760775570000001777732725475
M29,2 1627171457614660775670000001777732725475
M29,3 7303615454636660775554000001777732725475
M29,4 7155415454770660774374000001777732725475
M29,5 7164314676154360774374000001777732725475
M29,6 4367714654754360774176000001777732725475
M29,7 5317606654746630774155400001777732725475
M29,8 4353606654636630774155400001777732725475
M29,9 5317606654636630774155400001777732725475
M30,1 45571433147570361760776000001777747566530bb
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4 Largest minimum weights
The largest minimum weights d(n, k) among all LCD [n, k] codes were de-
termined in [7] and [11] for n ≤ 12 and 13 ≤ n ≤ 16, respectively. In this
section, we extend the results to lengths up to 24.
It is trivial that d(n, n) = 1. It is known [6] that (d(n, 1), d(n, n− 1)) =
(n, 2) and (n−1, 1) if n is odd and even, respectively. It was shown in [7] that
d(n, 2) = ⌊2n
3
⌋ if n ≡ 1, 2, 3, 4 (mod 6), and ⌊2n
3
⌋ − 1 otherwise for n ≥ 2.
It was shown in [11] that d(n, 3) =
⌊
4n
7
⌋
if n ≡ 3, 5 (mod 7) and
⌊
4n
7
⌋
− 1
otherwise for n ≥ 3. In addition, by [7, Theorem 3], d(n, n − 2) = 2 for
n ≥ 4, d(n, n− 3) = 2 for n ≥ 8 and d(n, n− 4) = 2 for n ≥ 16. Hence, we
only consider the values d(n, k) for 4 ≤ k ≤ n− 5 and 17 ≤ n ≤ 24.
We describe how our computer calculation determined the values d(n, k).
Let dall(n, k) denote the largest minimum weight among all (unrestricted)
[n, k] codes. One can find the current information on dall(n, k) in [8]. For the
following pairs
(n, k) =(17, 5), (17, 8), (18, 6), (18, 9), (19, 7), (20, 4), (20, 8), (20, 10),
(21, 5), (21, 9), (22, 10), (22, 11), (23, 6), (23, 11), (23, 12),
(23, 14), (24, 5), (24, 7), (24, 12), (24, 14),
(7)
classifications of [n, k, dall(n, k)] codes are known (see Table 11 for the ref-
erences). Using the classifications, we determined the number NL of all
inequivalent LCD [n, k, dall(n, k)] codes. Along with NL, the number N of
all inequivalent [n, k, dall(n, k)] codes is listed in Table 11.
For the following pairs
(n, k) =(17, 6), (17, 11), (18, 5), (18, 7), (19, 8), (19, 13), (20, 7), (20, 9),
(21, 8), (21, 10), (21, 11), (21, 15), (22, 4), (22, 9), (23, 4), (23, 5),
(23, 9), (23, 10), (23, 13), (23, 17), (24, 11),
(8)
we completed the classifications of [n, k, dall(n, k)] codes by the method given
in Section 2. The number N of all inequivalent [n, k, dall(n, k)] codes is
listed in Table 12. From the classification, we know that there is no LCD
[n, k, dall(n, k)] code for (n, k) listed in (8). For each of the parameters, all in-
equivalent codes can be obtained electronically from http://yuki.cs.inf.shizuoka.ac.jp/lcd2/.
In addition, for the following pairs
(n, k) = (20, 8), (21, 9), (22, 10), (23, 11), (24, 12), (9)
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Table 11: Known classification of [n, k, dall(n, k)] codes
[n, k, dall(n, k)] Reference N NL [n, k, dall(n, k)] Reference N NL
[17, 5, 8] [12] 5 0 [22, 10, 8] [5] 1 0
[17, 8, 6] [17] 1 1 [22, 11, 7] [1] 1 0
[18, 6, 8] [5] 2 0 [23, 6, 10] [12] 29 14
[18, 9, 6] [17] 1 0 [23, 11, 8] [5] 1 0
[19, 7, 8] [5] 1 0 [23, 12, 7] (see [15]) 1 0
[20, 4, 10] [12] 3 1 [23, 14, 5] [18] 1 0
[20, 8, 8] [5] 1 0 [24, 5, 12] [12] 1 0
[20, 10, 6] [10] 1682 601 [24, 7, 10] [12] 6 0
[21, 5, 10] [20] 2 0 [24, 12, 8] [19] 1 0
[21, 9, 8] [5] 1 0 [24, 14, 6] [12] 1 0
we also completed the classifications of [n, k, dall(n, k) − 1] codes by the
method given in Section 2. The numberN ′ of all inequivalent [n, k, dall(n, k)−
1] codes is listed in Table 13. From the classification, we know that there
is no LCD [n, k, dall(n, k) − 1] code for (n, k) listed in (9). For each of
the parameters, all inequivalent codes can be obtained electronically from
http://yuki.cs.inf.shizuoka.ac.jp/lcd2/.
Table 12: Classification of [n, k, dall(n, k)] codes
[n, k, dall(n, k)] N [n, k, dall(n, k)] N [n, k, dall(n, k)] N
[17, 6, 7] 3 [20, 9, 7] 1 [23, 4, 12] 1
[17, 11, 4] 40 [21, 8, 8] 13 [23, 5, 11] 1
[18, 5, 8] 39 [21, 10, 7] 1 [23, 9, 8] 40289
[18, 7, 7] 2 [21, 11, 6] 739 [23, 10, 8] 9
[19, 8, 7] 1 [21, 15, 4] 16 [23, 13, 6] 8
[19, 13, 4] 25 [22, 4, 11] 2 [23, 17, 4] 9
[20, 7, 8] 27 [22, 9, 8] 10 [24, 11, 8] 10
Finally, for the pairs (n, k) listed in (7), (8) and (9) except (17, 8), (20, 4),
(20, 10) and (23, 6), we found an LCD [n, k, d] code, where d is the minimum
weight listed in Table 14. Then we determined the values d(n, k) for 4 ≤ k ≤
n−5 and 17 ≤ n ≤ 24. For each of the parameters listed in the table, an LCD
code can be obtained electronically from http://yuki.cs.inf.shizuoka.ac.jp/lcd2/.
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Table 13: Classification of [n, k, dall(n, k)− 1] codes
[n, k, dall(n, k)− 1] N
′ [n, k, dall(n, k)− 1] N
′
[20, 8, 7] 34 [23, 11, 7] 16
[21, 9, 7] 21 [24, 12, 7] 12
[22, 10, 7] 16
Table 14: d(n, k) for 17 ≤ n ≤ 24
n\k 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
17 8 7 6 6 6 5 4 3 3
18 8 7 7 6 6 5 4 4 4 3
19 9 8 8 7 6 6 5 4 4 3 3
20 10 9 8 7 6 6 6 5 4 4 4 3
21 10 9 8 8 7 6 6 5 5 4 4 3 3
22 10 10 9 8 8 7 6 6 6 5 4 4 4 3
23 11 10 9 9 8 7 7 6 6 5 4 4 4 3 3
24 12 11 10 9 8 8 8 7 6 6 5 4 4 4 4 3
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Table 15: LCD codes of dimension 5
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D31t+20 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t−, t+, t+, t+, t, t+, t, t, t−, t+, t, t, t−, t, t−, t−)
D31t+22 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t+, t, t, t−, t+, t, t, t−, t, t−, t−)
D31t+26 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t−, t+, t, t+, t−, t+, t−, t−)
D31t+1 (t, t, t, t, t, t, t, t, t, t, t, t, t, t, t−, t, t, t, t, t, t, t, t−, t−, t, t+, t+, t−, t−, t−, t)
D31t+2 (t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t−, t, t−, t−, t)
D31t+6 (t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t+, t, t)
D31t+8 (t, t, t, t, t, t, t, t+, t, t+, t, t, t+ 2, t−, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
D31t+9 (t, t, t, t, t, t+, t+, t, t, t+, t+, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
D31t+10 (t, t, t, t, t, t, t+, t+, t, t+ 2, t, t, t+ 2, t−, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
D31t+12 (t, t, t, t, t, t+, t+, t+, t, t+ 2, t, t+, t+ 2, t−, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
D31t+13 (t, t, t, t+, t, t+, t+ 2, t, t+, t+, t, t+, t+, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
D31t+14 (t, t, t, t+, t, t+, t+, t+, t+, t+, t+, t, t+, t+, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
D31t+15 (t, t, t, t+ 2, t+, t+, t+, t, t+, t+, t+, t+, t+, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
D31t+17 (t, t, t, t+ 2, t+, t+, t+, t+, t+, t+, t+ 2, t, t+, t+, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
D31t+18 (t, t, t, t+ 2, t, t+ 2, t+ 2, t, t+, t+, t+, t+, t+ 2, t+, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t)
D31t+21 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t, t, t, t, t, t, t, t+, t, t, t+, t, t, t, t, t)
D31t+23 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t, t, t, t, t, t, t+, t+, t, t, t+, t+, t, t, t, t)
D31t+24 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t, t, t, t, t+, t+, t, t+, t, t+, t+, t, t, t, t, t)
D31t+25 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t, t, t, t, t, t+, t, t+, t+, t+, t+, t, t+, t, t, t)
D31t+27 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t, t, t, t, t, t+, t+, t+, t+, t+, t+, t+, t+, t, t, t)
D31t+28 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t, t, t+, t+, t, t+, t, t+, t+, t+, t+, t, t+, t+, t, t)
D31t+29 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t, t, t, t, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t)
D31t+30 (t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t+, t, t+, t, t+, t+, t, t+, t+, t+, t, t+, t+, t+, t+, t, t, t+)
D31t (t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t, t−, t−, t, t−, t−, t−)
D31t+16 (t, t, t, t, t, t, t, t, t, t, t, t+, t, t+ 2, t+ 2, t, t+, t, t+, t+, t+, t+, t, t, t, t, t+, t, t, t, t)
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